Let α be an algebraic integer of degree d, which is reciprocal. The house of α is the largest modulus of its conjugates. We compute the minimum of the houses of all reciprocal algebraic integers of degree d having the minimal polynomial which is a factor of a reciprocal polynomial with at most eight monomials, say mr(d), for d at most 180. We show that it is not necessary to take into account unprimitive polynomials. The computations suggest several conjectures. We demonstrate the utility of d-th power of the house of α.
Introduction
Let α be an algebraic integer of degree d, with conjugates α = α 1 , α 2 , . . . , α d and minimal polynomial P. The house of α (and of P) is defined by:
The Mahler measure of α is M(α) = d i=1 max(1, |α i |). Clearly, α > 1, and a theorem of Kronecker [2] tells us that α = 1 if and only if α is a root of unity. In 1965, Schinzel and Zassenhaus [4] have made the following conjecture: is a conjugate of α, i.e. X d P(1/X) = P(X). Let mr(d) denote the minimum of α over reciprocal α of degree d which are not roots of unity. Let an α attaining mr(d) be called extremal reciprocal. In 1985, D. Boyd [1] conjectured, using a result of C.J. Smyth [5] , that c should be equal to 3/2 log θ where θ = 1.324717 . . . is the smallest Pisot number, the real root of the polynomial x 3 − x − 1. Intending to verify his conjecture that extremal α are always nonreciprocal, Boyd has computed the smallest houses for reciprocal polynomials of even degrees ≤ 16. Wu and Zhang [7] continued the Boyd's computation with even degrees ≤ 42. They showed in their Table 5 that the minimal polynomial of extremal reciprocal algebraic integer can be written as a factor of a reciprocal polynomial with at most eight monomials. The same fact is valid for many polynomials having Mahler measure less than 1.3 and has been used for creation of the Mossinghoff's list of such polynomials [3] . We used here this idea to search for extremal reciprocals of degree d having the minimal polynomial which is a factor of a reciprocal octanomial, a d 1 -th degree polynomial with eight monomials, where d is at most 180 and d 1 is at most 210.
A polynomial P(x) is primitive if it cannot be expressed as a polynomial in x k , for some k ≥ 2. Clearly, if p is an odd prime number then any reciprocal polynomial of degree 2p with more than three monomials has to be primitive. It is easy to verify that P(x k ) = k P(x) . Let mrp(d) denote the minimum of α over reciprocal algebraic integer α of degree d which are not roots of unity and which have a primitive minimal polynomial. Let mrp 
Proof. Raising both sides of mrp 
The claim follows straightforwardly if we raise both sides of the inequality to the power d.
Corollary 1.5. In the interval [1, U] there is an accumulation point of the sequence
Proof. The claim is direct consequence of lemma 1.4 and the Bolzano-Weierstrass Theorem.
If a polynomial has only eight non-zero coefficients then it is called an octanomial. Similarly, if the number of non-zero coefficients is six, such polynomial is called a hexanomial.
A 
is a reciprocal polynomial, with at most eight non-zero coefficients ∈ {−1, 1}, having the house equal to the house of P(x).
and d is even then a or b is odd because if they are both even then P(x) is not primitive. Without loss of generality we may assume that a is odd, then
that it is antireciprocal, of odd degree d + a and has at most eight monomials. Using Lemma 1.6 it follows that
If a is even it follows, exactly as in the previous case, that P(x)(x a − 1) is antireciprocal, of odd degree d + a and has at most eight monomials. Using Lemma 1.6 it follows that
so that it is antireciprocal, of odd degree 2d − a and has at most eight monomials. Using Lemma 1.6 it follows that −P(−x)((−x) d−a − 1) is reciprocal. Theorem 1.7 ensures that it is enough to investigate only octanomials so that we can avoid research of hexanomials. We created a procedure which generate all primitive reciprocal octanomials of degree d 1 . Then we use the standard procedures to find all roots of the octanomial, the root r max with maximal modulus and for factoring the octanomial. Consequently, the degree d of r max is determined so that we are able to decide whether r max should be inserted in the list of d-th degree algebraic integers with small house. Finally for all even d ≤ 180 we determine the smallest value of α for reciprocal α having a primitive minimal polynomial R d (x). For d 1 ≈ 100 the computing took ten minutes while for d 1 ≈ 200 it spent two hours and the half on a 3.7 Ghz PC. So the whole calculation has taken about forty days.
Results
In Table 1 we present the smallest house, mrp(d), of monic irreducible reciprocal primitive noncyclotomic polynomials with integer coefficients of even degree d, each of them is a factor of a reciprocal polynomial with at most eight monomials. The minimum mrp(d) is attained for a polynomial R d (x) with ν conjugates outside the unit disc. A denominator is a product of cyclotomic polynomials Φ n . For every d, using Table 1 , we create a row of Table 2 using the following algorithm based on the corollary 1.3: 1.
We calculate mrp d (d) and write it in the second column.
2.
For every even divisor δ of d we calculate mrp δ (δ) then find their minimum and write it in the third column. Let the minimum be attained for δ = d 0 . 3.
and write it in the fourth column. We can also calculate mr(d) as the d-th root of the minimum written in the third column.
4.
The minimal polynomial P d (x) of the extremal reciprocal algebraic integer α whose house is denoted by mr(d) is equal to
is primitive then we present the first half coefficients of P d (x) in the sixth column.
5.
We calculate the number ν(d) of roots of P d (x) outside the unit disc as ν(d)) = k 0 ν r (d 0 ) and write it in the fifth column. 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 
The old and new conjectures
The first, fourth and sixth column of our Table 2 represent the continuation of the Table 1 of Wu and Zhang [7] and these two tables definitely matches for 2 ≤ d ≤ 42. Although we can not guarantee that, for d > 42, we have found a reciprocal polynomial with the smallest house we certainly have made a good approximation of mr(d). There are three reasons for our confidence. The first one is the following Conjecture 3.1 (Wu, Zhang [7] ). Any extremal reciprocal algebraic integer α with degree d ≥ 6 has minimal polynomial which is a factor of reciprocal polynomial with at most eight monomials with height 1.
This conjecture is proved for 6 ≤ d ≤ 42 so if it is not true for all d it is reasonably to expect that it is correct for many d not too large. The second reason is our extensive computation. We compute the minimum of the houses of all reciprocal algebraic integers of degree d such that its minimal polynomial is a factor of a d 1 -th degree reciprocal polynomial with at most eight monomials for d at most 180 and d 1 at most 210. As the factoring of a polynomial spends lot of processor time we reject a polynomial if its house is greater than 1 + c 1 /d 1 If p is a prime number then it is obvious that the minimal polynomial of the extremal reciprocal of degree 2p is primitive or R 2 (x p ) = x 2p +3x p +1. Table 2 suggests that P 8 (x), P 12 (x), P 18 (x) and P 20 (x) are the only primitive minimal polynomials of an extremal reciprocal of a degree d such that d/2 is a composite number. 
